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FINELY p-HARMONIC FUNCTIONS
OF A MARKOV PROCESS

R. K. GETOOR

ABSTRACT. Let X be a Borel right process and m a fixed excessive measure.
Given a finely open nearly Borel set G we define an operator Ag which we
regard as an extension of the restriction to G of the generator of X. It maps
functions on E to (locally) signed measures on G not charging m-semipolars.
Given a locally smooth signed measure o we define h to be (finely) p-harmonic
on G provided (Ag + pu)h = 0 on G and denote the class of such h by H}L(G).
Under mild conditions on X we show that h € H;”(G) is equivalent to a local
“Poisson” representation of h. We characterize H’; (G) by an analog of the
mean value property under secondary assumptions. We obtain global Poisson
type representations and study the Dirichlet problem for elements of H;”(G)
under suitable finiteness hypotheses. The results take their nicest form when
specialized to Hunt processes.

1. INTRODUCTION

In classical potential theory there are two equivalent, but at first glance rather
different, approaches to defining a harmonic function. If & is a real valued function
defined on an open set G C R%, then h is harmonic on G if (i) h is C? on G and
Ah = 0 or (ii) h is continuous on G and satisfies the mean value property: if B,(z) =
{y : ly—=| < r} is a ball with closure in G, h(z) = fST(z) h(y)o®" (dy) where o is
normalized surface measure on S, () = {y : |[y—z| = r}. In extending the notion of
harmonic function to Markov processes, the second approach immediately suggests
itself because o®" has a direct probabilistic interpretation; it is the distribution of
the place where a Brownian motion starting at x, first exits B,(x). A fundamental
(Poisson) representation theorem for a harmonic function h on G is that if D is an
open subset of G with D compact and D C G, then h(z) = [, h(y)o},(dy) for z €
D where o7, is the harmonic measure of 9D as viewed from z, or probabilistically
the distribution of the place the Brownian motion starting from x exits D. There
is a long history of using some variant of (ii) or the Poisson representation to define
harmonic functions relative to a Markov process. See for example [M62|, [Dy65],
[BG68] or for more recent examples [Bo99] and [CS9§].

However there is an inherent difficulty when the process has discontinuous paths
and the exit measures o, are carried by all of D¢ and not just dD. In particular
h must be defined on G° as well as G. The connection with (i) is more delicate.
Although it is clear that the generator, A, of the underlying Markov process should
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replace the Laplacian A, there are “domain” problems in general. See [Dy65] for
an early result relating (i) and (ii) and also [CZ95]. In [G99D] we introduced an
“extended” generator, A, for a Markov process X and the motivation for this paper
is to show the equivalence of Ah = 0 and (local) Poisson type representations under
mild hypotheses on X. Actually we consider a somewhat more general situation.
We consider Ag—the extended generator A restricted to a finely open set G—and
we consider p-harmonic functions; that is h satisfying (Ag + p)h = 0 where p is (lo-
cally) a signed measure. Again p-harmonic functions have been studied by various
authors in the literature. Classically A + p is often called the Schrodinger operator
with potential p. See [CZ95]. In addition [GH9§| contains some very interesting re-
sults about p-harmonic functions, although they do not use this terminology. Only
the case, in our notation, u < 0 is considered in [GH9S|.

We now give a rough outline of the paper. Section 2 introduces the precise
assumptions on X and the basic notation. Throughout X is a transient Borel right
process with state space ' and m is a fixed o-finite excessive measure that serves
as background measure—Lebesgue measure in the classical situation. Section 3
begins with a review of the Revuz correspondence between the formal difference
u = put — p~ of positive measures and continuous additive functionals (CAF’s),
A = AT — A=, In particular smooth and locally smooth measures are defined.
The most important results are Theorems 3.6 and B.8] They have the form: given
> 0 with g smooth on a finely open set G and A the positive CAF corresponding
to u, then there exist decompositions (G,) of G with A having “good” finiteness
properties on each G,. In Section 4 the “extended” generator Ag is defined. It
maps functions on E into measures = u — = on G. Because X is transient, we
are able to simplify somewhat the definition in [G99b].

Finally in Section 5 we define 1; (&) the class of finely p-harmonic functions on
a finely open nearly Borel set G for a locally smooth p on E. Namely h: E — R is
in M’ (G) provided h € D(A¢) and (Ag +p)h =0 on G. It turns out that there are
two local representations of h € H’; (G) which reduce to the Poisson representation
in the classical situation. The first, Theorem [E.3] states that h € H? (@) if and only
if up to an m-polar set, G is a countable union of sets G,, such that if 7,, is the
exit time of X from G, h = Py h+E" [[" h(X;) dA} on Gy, where A" is the CAF
corresponding to 1g, uand P, h = E'[h(X;,)]. It follows that h is finely continuous
on each Gy,. The second representation, Theorem [5.8] states that h € 1/ (G) if and
only if with the previous notation, h = E"[exp(A7} )h(X7,)] on G,,; however this is
only proved assuming that X has no holding points or that ;4 (G) = 0. Recall that
x € E is a holding point provided P*(r, > 0) = 1 where 7, = inf{t > 0 : X; # «}.
Although both of these representations reduce to h = P, h on G, when pu = 0,
the second is the proper analog of the Poisson representation since it expresses h
on G, in terms of h on G¢,. Section 6 contains some additional properties of finely
p-harmonic functions. Most important is Theorem which is the true analog of
the mean value property (ii). Also Theorem [6.§] presents the unique solution of a
“Dirichlet” problem under suitable hypotheses. Since a finely py-harmonic function
h is defined on all of E, what we mean here by a “Dirichlet” problem is given a finely
open set G and a function g : G¢ — R to find an element h € H’;(G) which agrees
with g on G¢. Hence the quotation marks. We refer the reader to Section 6 for the
precise statements. In Section 7, it is shown that when m is a reference measure
the exceptional m-polar set that appears in our definitions and theorems may be



FINELY p-HARMONIC FUNCTIONS OF A MARKOV PROCESS 903

taken empty when p is assumed to be locally strictly smooth as defined in Section 7.
In addition the relationship between our interpretation of (A + p)h = 0 and the
interpretation in the sense of distributions in the classical situation is discussed.

We close this introduction with some words on notation. If (F,F,u) is a mea-
sure space, then we also use F to denote the class of all R = [—oc, 00] valued
F measurable functions. If M C F, then bM (resp. pM) denotes the class of
bounded (resp. [0, 00]-valued) functions in M. For f € pF we shall use u(f) to
denote the integral [ fdu; similarly, if D € F then u(f; D) denotes [, fdu. We
write F* for the universal completion of F; that is, F* = [, F", where F¥ is
the v-completion of F and the intersection is over all finite (equivalently o-finite)
measures v on (F,F). If (E,€) is a second measurable space and K = K (z,dy)
is a kernel from (F,F) to (E,€&) (i.e., F 3 x — K(x, A) is F-measurable for each
A € £ and K (z,-) is a measure on (E, &) for each x € F'), then we write pK for the
measure A — [ pu(dz)K (x, A) and K f for the function z — [, K(z,dy)f(y). The
symbol “:=” stands for “is defined to be.” Finally R (resp. R*) denotes the real
numbers (resp. [0, co[) and B(R) (resp. B(R™)) the corresponding Borel o-algebras,
while Q denotes the rationals. A reference (m.n) in the text refers to item m.n in
section m. Due to the vagaries of IATEX this might be a numbered display or the
theorem, proposition, etc. numbered m.n.

2. PRELIMINARIES

Throughout this paper X = (Q, F, F, 0, X;, P*) will denote the canonical real-
ization of a Borel right Markov process with state space (E,&). We shall use the
standard notation for Markov processes as found, for example, in [BG68|, [G90],
IDM] and [Sh88|. Briefly, X is a strong Markov process with right continuous sam-
ple paths, the state space E (with Borel sets £) is homeomorphic to a Borel subset
of a compact metric space, and the transition semigroup (P;):>o of X preserves the
class b€ of bounded £-measurable functions. It follows that the resolvent operators
U9 := fooo e~ Pydt,q > 0, also preserve Borel measurability. In the present situa-
tion g-excessive functions are nearly Borel and we let £ denote the o-algebra of
nearly Borel subsets of E. In the sequel, all named subsets of E are taken to be in
E™ and all named functions are taken to be E™-measurable unless explicit mention
is made to the contrary.

We take ) to be the canonical space of right continuous paths w (with values in
Ea = EU{A}) such that w(t) = A for all ¢ > {(w) := inf{s : w(s) = A}. The
stopping time ( is the lifetime of X and A is a cemetery state adjoined to E as
an isolated point; A accounts for the possibility Plg(z) < 1 in that P*({ < t) =
1— P1g(z). The o-algebras F; and F are the usual completions of the o-algebras
FPi=0{X,:0<s<t}and F° := 0{X, : s > 0} generated by the coordinate
maps X : w — w(s). The probability measure P® is the law of X started at z,
and for a measure p on E, P* denotes [, P*(-)u(dx). Finally, for t >0, 6, is the
shift operator: X, 06, = X.1;. We adhere to the convention that a function (resp.
measure) on E (resp. £*) is extended to Ea by declaring its value at A (resp. {A})
to be zero.

We fix once and for all an excessive measure m. Thus, m is a o-finite measure
on (E,£*) and mP; < m for all ¢ > 0. Since X is a right process, we then have
P_I}(l) mP; = m, setwise.
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Recall that a set B is m-polar provided P™(Tp < 00) = 0, where Tp := inf{t >
0 : X; € B} denotes the hitting time of B. A property or statement P(z) will
be said to hold quasi-everywhere (q.e.), or for quasi-every x € FE, provided it
holds for all z outside some m-polar subset of E. It would be more proper to
use the term “m-quasi-everywhere,” but since the measure m will remain fixed the
abbreviation to “q.e.” will cause no confusion. Similarly, the qualifier “a.e. m”
will be abbreviated to “a.e.” On the other hand, certain terms (e.g., polar) have a
long-standing meaning without reference to a background measure, and so we shall
use the more precise term “m-polar” to maintain the distinction. Notice that any
finely open m-null set is m-polar. Consequently, any excessive function vanishing
a.e. vanishes q.e. A set B C F is m-semipolar provided it differs from a semipolar
set by an m-polar set. It is known that B is m-semipolar if and only if

P™(X, € B for uncountably many ¢) = 0.

See [A73]. A set B is m-inessential provided it is m-polar and E \ B is absorbing.
According to [GS84l (6.12)] an m-polar set is contained in a Borel m-inessential set.
Since m is excessive it follows that sets of potential zero are m-null. In particular
m-polar and m-semipolar sets are m-null.

In order to keep technicalities at a minimum we shall assume throughout this
paper that X is transient; that is,

Assumption 2.1. There exists a bounded strictly positive function b € £* such
that Ub = E" [° b(X;) dt is bounded.

Of course the integral in ¢ is only over the interval [0, ([ since X; = A if ¢t > ¢
and by convention b(A) = 0. Replacing b by U'b we may and shall suppose that
b € & and is finely continuous. It is known [G80] that 2] is equivalent to the
apparently weaker assumption that there exists b > 0 with Ub < oco.

For any B € E, define

g = 7(B) :=inf{t > 0: X, ¢ B}.
7p is the ezit time from B. Note that 75 < ( and that 75 = Tg. if Tge < oo where

B¢ =FE~B. Of course if D C E, {Tp < oo} = {Tp < (}. Recall that all named
sets are supposed to be nearly Borel unless explicitly stated otherwise. Define

B, :={x: Pt >0)=1} = {z: E%(e"®)) < 1}.

Then B, is finely open and is the set of permanent points for the multiplicative
functional, M; := 1j9 (B ((t).

Let O denote the class of finely open (nearly Borel) subsets of E. If G € O then
G C G, C G where “~” denotes fine closure. Let B" = {x : P*(Tg = 0) = 1}
be the set of regular points of B. So B = BUB". If G € O it is easy to check
that G, \ G = G° \ (G°)" where G° = E \ G. Consequently G, \ G is semipolar.
In analogy with regular open sets for the Dirichlet problem in classical potential
theory we shall say that G € O is regular if G = G,. Note that (G,), = Gp.

3. ADDITIVE FUNCTIONALS

In this section we recall the definition and some basic properties of not necessarily
increasing continuous additive functionals of X killed when it exits a finely open
set. We first introduce the class of measures that will appear as Revuz measures of
such a continuous additive functional (CAF).
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Let S;” denote the class of o-finite (positive) measures on (E,&) that do not
charge m-semipolars. Let Sy := S — S denote the class of all formal differences
of elements of Sf. Thus if p1,pue € Si, p = (11, po) is formally p = pg — po.
Equality in Sy is defined by (u1, pe) = (v1,v2) provided pg + vo = ps + v1. Then
with the obvious definitions of addition and scalar multiplication Sy becomes a real
vector space. We say that u € Sy is represented by (u1,u2) € SS' X S{)" when
w = (p1, p2). Tt is easy to check that each p € Sy has a unique representation
= (pt,u~) with u* L p=. We then define |u| = u* + pu~. Note |u| € SF. If
fis finite a.e. |pl, then fu:= (ftu* + f~p~, fTp~ + f~p*) € Sy and checking
carriers one sees that, in fact, (fu)* = fTut + f~p~ and (fu)” = fTu= + fpt
so that |fa| = |f1l].

Let G € O and 7 = 7. Then the state space for (X, 7)—X killed when it exits
G—is G, defined in Section 2. Recall that m is our fixed excessive measure. The
following definition is basic.

Definition 3.1. A continuous additive functional, A, of (X, 7) is a real valued
process A = A;(w) defined on 0 <t < 7(w) if 7(w) > 0 and for all t > 0 if 7(w) = 0,
for which there exists a defining set A € F and an m-inessential set N C Gp—called
an exceptional set for A—such that:

(i) Ailgery € Fy for all 2.

(i) P*(A)=1for z ¢ N.

(i) If w € A and ¢t < 7(w), then Ow € A.

(iv) For w € A, t — A4(w) is continuous on [0, 7(w)[ and of bounded variation on
compact subintervals of [0, 7(w)[.

(v) Forallw € A; s >0,t >0, s+t < 7(w) one has Arys(w) = Ap(w) + Ag(Orw).

(vi) A¢(w) =0 for all ¢ if 7(w) = 0.

Note that if w € A and 7(w) > 0 it follows from (v) that Ag(w) = 0. If A is
increasing and we define for w € A and ¢t > 7(w), A(w) := limgy () As(w), then

(3.2) At+s(u}) = A (w) + 1[0’T(w)[(t)As (Htw)

for w € A; s,t > 0. We denote the totality of all continuous additive functionals of
(X, 7) by A(G) and by A" (G) the increasing elements of A(G). If A € A(G), w € A
and t < 7(w) define |A|¢(w) to be the total variation of s — A4(w) on [0, ¢]. Then it
is routine to check that |A| € AT (G) with the same defining and exceptional sets.
Hence AT := J[|A|+ A] and A~ := L[|A| — A] are in AT (G) with the same defining
and exceptional sets and A = AT — A~. Two elements A, B € A(G) are equal
provided they are m-equivalent; that is they have a common defining set A and a
common exceptional set N such that A;(w) = Bi(w) for w € A and 0 < t < 7(w).
The argument below (3.1) in [FG96| may be adapted to show that A = B if and only
it P™(A; # Byt < 1) =0 for all £ > 0. Note we assume that N is m-inessential
for X and not just for (X, 7). If A is a PCAF of X as defined in [FG96|, then the
restriction of A to [0, 7] is in AT(G). Also if A, B € AT (G), then A — B € A(G).
Finally note that if Al, A%, B!, B> € AT(G) then A = A! — A? equals B = B! — B?
if and only if A' + B? = A% + B'. Of course we are using m-equivalence as our
definition of equality in A(G).
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Definition 3.3. The Revuz measure associated with A € AT (G) is the measure
v4 defined by the formula

1 t
(3.4) oal) =1imEny [ p(xyda. fzo,
t10 tJo

Of course the integral in (B4) extends only over the interval [0, 7(w)] since the
measure dA;(w) is carried by this interval. However it may be considered over [0, co|
since by convention we define A;(w) = Thr(n : Ag(w) for t > 7(w) when A € AT(G).

See [FGS88] for the fact that the limit in (B4]) exists. Since A is continuous a.s. P™
on [0, 7], it is clear that v4 does not change m-semipolars, and since 7 = 0 a.s. P*
for x € E \ Gy, that v4 is carried by G, and hence G since G, \ G is semipolar.
It is also known that v4 is o-finite on G, and hence on E. See [Re70l III.1). It
is a standard fact that v4 determines A up to m-equivalence. Finally we have the
classical uniqueness theorem: If A, B € A™(D) and if for some o > 0,

E/ e~ A, = E/ e *'dB; < 00,
0 0

then A = B. For standard processes this is Theorem IV-(2.13) in [BG68|. The
argument goes back to Meyer [M62] and works for continuous A whenever t — X,
has left limits a.s. on ]0, ([, and even for Borel right processes if one uses the Ray
topology. The general case appears explicitly in [Sh88|, (38.1)] along with existence
for predictable A. See also [DM| VI-(69b)] for a general uniqueness theorem that
easily implies the above result.

Definition 3.5. A (positive) measure v on G is smooth provided it doesn’t charge
m-semipolars and there exists an increasing sequence (G,,) of finely open subsets
of G such that

(1) v(Gp) < oo for each n.
(i) 7@, T 7¢ a.s. P* for q.e.x.

A sequence (G,,) of subsets of G satisfying (ii) of B.5 is called a nest for G. It
follows that G \.|J G, is m-polar, hence v null. Consequently v is o-finite on G. In
particular if v € S§ and v(G) < oo, then 1gv is smooth on G. The proof in [FG96)
for the case G = F is readily adapted to show that a measure v on G is the Revuz
measure of an A € AT (G) if and only if v is smooth on G. Let ST(G) denote the
class of smooth measures on G. Then A < v, is a bijection between AT (G) and
S*(G). Of course when E = G we drop it from our notation. Thus ST denotes the
smooth measures on £ and A" the PCAF’s of X. Finally we identify a measure
on G with a measure on E by extending it to be zero off G. Then S*(G) C Sy .
Clearly if p € ST(G) and v < p, then v € ST(G).

If A€ A(G) and A = AT— A~ asdefined above, we define v4 := (vy4+,v4-) € Sp.
If A = A' — A? is another decomposition of A into elements of AT(G), then
va = (vg1,v42) in Sy. Conversely if p = (u1, p2) € Sp and p1 and po are in ST(G),
then A = A" — A¥2 is in A(G) and vq = p. Let S(G) be those elements p € Sy
such that u* and p~ are in ST(G) or equivalently |u| € ST(G). Then S(G) may
be identified with ST(G) — ST(G) C Sy and A < v, is now a bijection between
A(G) and S§(G). Moreover if p € S(G) and v € Sy with |v| < |u| then v € S(G).
If € S(G) and A € A(G) we write p < A when u = va4.
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Proposition 3.6. Let G € O and A € AT (G). Then there exists a nest (Gy,) for
G such that va(Gyp) < 0o, m(Gy) < oo and letting T = 1, T = 7(Gy) both of the
functions E'(7,) and E"(A;,) are bounded on E~ N. Furthermore GNN =G,
and 7, 1 7 a.s. P* forx € E~ N. Here N is an exceptional set for A.

Proof. Deleting N from FE it suffices to prove this when N is empty. Choose b with
0<b<1,Ub<1and m() <oo Letp:=F fOT e~ Atb(Xy)dt. Also define for
[ =0,

(3.7) UTf = E/O F(X)dt;, ULf = E/O F(Xy) dA,.

Using the identity 1 = e~ At 4~ fg els dA, valid a.s. on [0, 7] it is readily verified
that

12Ub2UTb:g0+E'/ ©(X¢)dAy = o + Uj .
0

Hence g is the difference of bounded excessive functions for (X, 7) and so is finely
continuous and strictly positive on the finely open set G,,. Define G,, = {¢ > %}QG.
Then each G,, € O and G, T G. Now Ujlg, < nUje < nUTb and this implies
that v4(G,) <n-m(b) < co. See [ReTl)] p. 508 Moreover

A ) =E / dA, = E / (X,)dA,

S UA Gp S nUTb S n,

so E'(A;,) is bounded. If 7, < 7, then ¢(X;,) < 1 and so

> Elp(Xr,)imn <7]=E {eAfn / e Ah(Xy) dt}

Tn

1
n
>FE / e Ab(X,) dt,

which forces 7, T 7 a.s. as n — oo since b > 0 and A; < oo for 0 <t < 7. To
complete the proof just apply what has been proved to B; := A; + (¢t A7) and note
that the Revuz measure of t — ¢ A 7 as an element of AT (G) is 1¢ - m. O

Notation. For typographical reasons we often write A(t) for A; or X (¢) for X;.
For example A(7,) = A,,.

The next result complements B.6. The assumption of no holding points is, per-
haps, not too serious, but we only obtain a countable union and not a union of
an increasing sequence. Recall the definition of holding point from Section 1.
Let d be a metric on E compatible with the topology of E. Then for H C FE,

diam H = sup d(z,y) and H denotes the closure of H.
x,yeH

Theorem 3.8. Let G € O and A € AT(G). Suppose that X has no holding
points. Then there exists a countable sequence (D) of finely open subsets of G
with G ~ N = |J D,, and such that each D,, has finite v4 and m measure and the

functions E'(1(Dy,)) and E [exp[A(7(Dy))]] are bounded on E~ N. As in[Z8, N
is an exceptional set for A.
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Proof. Let G be one of the sets G,, in[B.8 Clearly it suffices to show that G is
a countable union of sets D,, with the stated properties. Again, in the proof, we
may suppose that N is empty. Let 7 = 7. Then E'(A,) is bounded. Let U be a
countable base of open sets for the topology of E. Fix x € G and choose a decreasing
sequence (Hy) C U with diam Hj < % and x € ((Hg. Let Jy = G N Hy and
Tk = 7(Jx). Then 7, | T > 0. On [0, 7%[, X: € Ji a.s. P¥. Consequently X; = z on
[0,T[ a.s. P*. But there are no holding points and so P*(T'=0) = 1. Since 7, < 7
and E*(A;) < oo, it follows that E*(A;,) | 0 as k — oco. Now for each H € U, let
J = HNG and define o = E"(A.(y)). Then pp is finely continuous and bounded
onJ. Fixn,0<n<1. Let D(H):=JN{pg <n}. Each D(H) is finely open and
the first part of the proof shows that G = |J{D(H) : H € U}. Suppose 0 = Tp(g).
Then E'(A,) < ¢u < non D(H)—the fine closure of D(H). But as is well-known
E(A,) <n<1on D(H) implies that E'(exp A,) < (1 —n)~! < co on D(H). See
for example [SS00). If = ¢ D(H), 0 = 0 a.s. P* and so E"(exp(4,)) < (1 —n)~!
everywhere. [l

Remark. The proof shows that if 1 < v < oo, the covering (D,,) in B8 may be
chosen to satisfy E'[exp A;(p,)] <. Just set n =~7!(y — 1) in the proof.

If A€ A(G), then |A] € AT(G) and so the result of 36 and B:8 may be applied
to |A].
We close this section with some definitions that will be used in the sequel.

Definitions 3.9. Let p € Sp and G € O.

(i) p is locally smooth on G provided G is a countable union of sets G,, € O with
w € 8(Gy) for each n.
(ii) G is p-integrable provided |u|(G) < oo, m(G) < oo and if A < 1gp both
E (1¢) and E'(|A|(7¢)) are bounded on G.
(iii) G has a p-integrable decomposition provided there exists a countable collec-
tion (Gy) C O of p integrable subsets of G with G \ | J G,, being m-polar.

Remarks. If G =|JG,, with (G,,) C O and |u|(Gy) < 0o, then p is locally smooth
on G. Conversely if u is locally smooth on G, then there exists (G,) C O with
G, C G and |p|(Gp) < oo for each n such that G N\ |J G, is m-polar. Here and in
3.9-iii one may assume that G \ |J G,, is m-inessential.

Notation 3.10. S;,.(G) denotes the class of u € Sy which are locally smooth on
G. Given p € Sy, O, denotes the class of G € O which are p-integrable. We write
Sloc = Sloc (E)

Remarks 3.11. (i) If p € S(G), then B.6limplies that G has a p-integrable decom-
position with (G,,) being a nest for G.

(i) p € Sioc(G) then G has a p-integrable decomposition.

(iii) If g € Sipe(G) and X have no holding points, then G has a p-integrable
decomposition (G) such that if A < 1¢g, p then E (exp[|A|(7q,)]) is bounded on
G, for each n.

(iv) Since the exceptional set N in [3.6] is an exceptional set for A € AT(G),
if 4 € Sjoe(G) is such that G = |JG,, and A™ < 1g, p may be chosen without
exceptional set for each m, then one may choose the p-integrable decomposition
(Gp) in (3.9-iii) so that G = |J G,,. This is certainly the case if 4 = 0.
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4. THE GENERATOR

In [G99D] we introduced an extended generator for X restricted to a finely open
set. In the present paper we take advantage of our assumption that X is transient
to modify (and simplify) the definition somewhat. We begin with some notation
and a preliminary result before coming to the actual definition.

Let G € O and let A, B € A(G). If T is a stopping time with T' < 7 and f is a
function on F, define

(4.1) Py f = E'[e" f(X1)),

T
(4.2) Up’f = E/ e f(X,) dB;
0

whenever the integrals involved exist. If A = 0 we drop it in our notation writing
merely Prf and UL. If By =t A 7¢ we write U4T in place of Ug’T. For example

Ur'f=FE fOT f(X¢)dt. The following technical fact will be used in several places
in the sequel.

Lemma 4.3. Let G € O and A,B € A(G). Let D C G, D € O and 7 = 1p. Let
u and v be finite functions on E. Suppose that on D, PA|u| and Ul’]qg"T|v| are finite
(bounded) and u = PAu + Ug’Tv, If T is a stopping time with T < T, then on D,
P#|ul is finite (bounded) and u = Pfu + Ug’Tv,

Proof. On D, Ul’é"T|v| < U‘%r|v| is finite (bounded). Now since 7 is a terminal time

Pu| > E'[e*|u|(X,); T < 7] = E'[e P |ul(X7); T < 7).

But X7 € D on {T < 7} and on D, |u| < PA|u| + Ul’]qg"T|v|. Therefore

Pflu| < B[ (P2 |ul(X7) + U@flvl(XT)) (T < 7)+ E'[e |ul(X7); T = 7]
< 2P|+ F [/ et||(X,)d|Bli, T < T}
T

Consequently P |u| is finite (bounded) on D. Since all terms are finite one finds
on D,
u = PAu + Ug’Tv +E / eto(X;) dBy
T

= Plu+UpTo+ E[e?TUSTo(Xr), T < 7).
But the expectation on the right side of the last display equals
Ele" [u(X7) — PAu(X7)); T < 7].

Moreover
PAu=FEleMu(X,);T <7)+ E e u(X,);T =7
= F[e" PAu(X7); T < 7]+ E'[e*Tu(X7); T = 7).
Combining these expressions we obtain u = Pq’?u + U’;’Tv on D. |

Remark. The two special cases B = 0 or A = 0 will be used most often in what
follows.
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Let G € O be fixed. We are going to define an operator Ag that we regard as
the “generator” of X restricted to G. Recall the definition B9 of a p-integrable
decomposition of G for p € Sp. Also recall that So(G) = {u € So : |u|(G®) = 0}.

Definition 4.4. Let G € O. The domain D(A¢g) of Ag consists of functions u
defined on E which are finite and for which there exist u € Sy and a p-integrable
decomposition (G,,) of G such that setting 7,, = 7(G,,) for each n, u and P;_ |u| are
bounded on G,, and

(4.5) u=P,u+E(A?) on G,
where A" « 1, p. If u € D(Ag) then Agu = —1gpu.

Remarks. One could just as well suppose that u € Sp(G) in the definition since
only the restriction of y to G is relevant. In view of (3.11-ii) if u € Sjoc(G) then G
has a p-integrable decomposition.

Theorem 4.6. Ag is a well-defined linear map from D(Ag) to So(G).

Proof. We shall first show that Ag is well-defined. Let u € D(Ag) with p as in
E4. Suppose that there also exist v € Sy and a v-integrable decomposition (H,,)
of G such that if 0, = 7, one has on H, that u and P, |u| are bounded and
u = Py, u+ E(B] ) where B" < 1y, p. Let Dy = G N Hy and A = 7(Dy, ).
It follows from that on Dy 1, Px|lu| is bounded and Pyu + E'(AY) = u =
Pyu+ E(BY). Thus E'[(A™)] + (B*)] = E°[(A")y + (B*){] on D,, ;. Therefore
(AWt + (B¥)~ = (A")~ + (B*)* on [0,\] a.s. P® for z € D,, . Consequently
Theorem 2.22 of [FG8§] implies that 1p, . = 1p, ,v. But G\ |J Dy i is m-polar,
and so 1lgpu = 1gr. Thus Ag is well-defined.

Clearly if p € D(Ag) and a € R, then au € D(Ag) and Ag(au) = algu.
Suppose u; and usp are in D(Ag) with Agu; = —1lgp;, j = 1,2. Let (GY) be
j-integrable decompositions of G for j = 1,2 such that the conditions in 4] hold.
Then G, 1 = G}L N Gi is a p1 + po integrable decomposition of G and because of
I3, the conditions in[£A4l hold for uj +us on each Gy, . Therefore uy +us € D(Ag)
and Ag(u1 + u2) = Agus + Aguz, completing the proof of [4.6] O

Remarks 4.7. (1) If u € D(Ag) and H € O with H C G, then u € D(Ay) and
Apgu =1gAgu. If p € S and (G,,) C O with u € D(Ag,) and Ag, u = —1¢g, p for
each n, then u € D(Ag) and Agu = —1gpu where G = |J G,,.

(ii) When G = E we shall just write A for Ag. An equivalent description of Ag
in martingale terms is given [G99h]. It follows from (3.6) and (4.4) of [G99b] that
if u € D(Ag), then u is quasi-finely continuous (g- f-continuous) on G in the sense
that u is finely continuous on G~ N where N is an m-inessential set. In fact it will
be shown in the next section—see L2 —that Py, w is finely continuous on Gy, and
since E"(A7 ) is also finely continuous on Gy, so is u.

(iii) Theorem 2.22 of [FGS8SY] used in the proof of K6 is a fairly deep result.
However what is needed here is much simpler since X is Borel and the multiplicative
functional in (2.22) of [FGS88] used here is just 1jg x;. See (2.39a) in [FGS8S] in this
connection.

(iv) In view of Proposition in the next section and [A3]if in definition 4]
one only assumes that v and P;, |u| are finite on each G,, then it follows that
u € D(Ag) and Agu = —1gp.

Here is an example to explain why we think of Ag as an extension of the restric-
tion to G of the generator of X. Suppose f € b€ and w := U f is bounded. Then

n,k
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u is in the domain of A, the generator of (P;) acting on {f € b€ : qUIf — f as
g — oo} equipped with the sup norm and Ayu = —f. If G € O and 7 = 7¢, then
u= Pru+FE fOT f(Xs)ds. Hence u € D(Ag) and Agu = —1¢ fm. In this sense Ag
is an extension of the restriction of A, to G. See the last paragraph of Section 4 of
[G99b)] for additional examples.

5. HARMONIC FUNCTIONS

In this section we fix p € Sjoc and we are going to define the notion of harmonicity
relative to this fixed p.

Definition 5.1. Let h : £ — R and G € O. Then h is finely p-harmonic (u-
harmonic) on G provided h is quasi-finely continuous on G (G is open and h is
continuous on G) with h € D(A¢) and (Ag + p)h =0 on G.

Remarks. Since h is finite, hy € Sy—in fact hlgu € Sjpe—and (Ag + ) = 0 on
G means Agu = —hlgpu. Thus only the restriction of p to G plays a role in the
definition. In fact the assumption that & is quasi-finely continuous (abbreviated
g- f-continuous from now on) is redundant as will follow from Proposition[53l The
reason for including it is to contrast it with the condition for p-harmonic.

Let H’; (G), resp. H*(@G), denote the class of finely p-harmonic, resp. y-harmonic,
functions on G. We emphasize that elements of H;(G) or H*(G) are defined on all
of E; although, of course, they may vanish on EXG. If (G,,) C O with h € H’;(Gn),
resp. H"(Gy), for each n, then h € Hi(JG,), resp. H*(IJGy) in light of (4.7-
i). Our main concern in this paper will be finely p-harmonic functions, but we
shall from time to time make comments about the specialization of our results to
p-harmonic functions. Clearly H’; (G) and H*(G) are real vector spaces. If =0,
we drop it from our notation. Thus H;(G), resp. H(G), denotes the class of finely
harmonic, resp. harmonic, functions on G. For example, h € H;(G) provided it is
finite on E with h € D(Ag) and Agh = 0. In this case (3.11-iv) and Proposition 52
imply that h is finely continuous on all of G.

Proposition 5.2. Suppose that f > 0, D € O, 7 = 7p, 1lpp € S(D) and A <
Lpu. Then PAf is finely continuous on D as a map from D to [0,00]. Here

A(r) — AT (1) =A™ (7)

e with the usual convention that 0 - co = 0.

Proof. Define M; := exp(—A; )1jo,-((t). Then M is a decreasing multiplicative
functional of X. If f > 0, let Q:+f := E'(M.f(X:)) be the semigroup of (X, M)—
the M subprocess of X. If A~ =0, in particular if A =0, (X, M) is X killed when
it exits D. The state space of (X, M) is D, D D. One readily checks that if f > 0,
then PAf is excessive for (X, M) and hence finely continuous on D, D D. |

The next proposition relates definition BTl to a type of Poisson representation.

Proposition 5.3. Let h: F — R and G € O.
(i) Suppose that 1gp € S(G) and A — lgu. Let T = 7¢ and assume that on G,
Prlh| < 00, Uly |h| < o0 and h = Prh+ Ujh. Then h is finely continuous on G
and h € HY(G).
(ii) h € H?(G) if and only if there exists a p-integrable decomposition (G,) of
G such that if T(n) = 7(Gn) and A" < lg,p, then h, Pri|h| and U|7;4(:|)

bounded on Gy, and h = Pr,)h + U;SL")h on Gy.

h| are
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Proof. (i) By with A =0, P,h = P,h™ — P,h™ is the difference of finite finely
continuous functions on G and hence is finely continuous on G. Also U}, h* for
all possible choices of the signs is a finite (X, 7) excessive function. Consequently
U7 h is finite and finely continuous on G, and hence so is h. Now 1gu € S(G) so by
(3.11-1) there exists a p-integrable decomposition (G,,) of G and since h and P;|h|
are finite and finely continuous on G we may choose (G,,) so that they are bounded

on each G,,. Then UlTA(lGn) h| is bounded for each n and since h = Ph+Ujh on G

it follows from 3l that h = P, h + U;(n)h on each G,,. Consequently h € D(A¢g)
and Agh = —1ghu; ie. h € H’;(G).

(i) Suppose that h € H/(G). Then h € D(Ag) and Agh = —1ghu. Conse-
quently there exists an hu-integrable decomposition (D,,) of G such that if 7,, =
7(Dy) and if B, € A(D,) with B" < 1p_ hu then on Dy, h, P |h| and E*(|B} |)
are bounded and h = P, h+E" (B} ). But 1 € Sjoc and so there exists a p-integrable
decomposition (Ey) of E. Let A* « 1, u. Then (D,, N Ey) is a p-integrable de-
composition of G. Fix n and k for the moment and let ¢ = 7(D,, N E}). Then
t — B}, has Revuz measure 1p, ng, hy as does t — foma h(X,) dA% and since h
is bounded on Dy, N By, E° [ |h|(Xs)d|A¥|s is bounded on D, N Ej. Combining
this with 23] we see that (D,, N Ej) has the properties asserted in (ii). Conversely
it follows that h € D(Ag) and Agh = —1ghu. As in the proof of (i), h is finely
continuous on each G, and hence ¢- f-continuous on G. Therefore h € H‘; (@). O

Note that if u = 0, becomes a Poisson type representation h = P, h. We
are going to obtain such a characterization when p # 0. The next result is the key
step.

Proposition 5.4. Let D € O, 7 = 7p and A € A(D) with |A|; < oo a.s. Let
u: E — R. Suppose that either Ul‘:l"T[PT|u| + |u|] is finite (bounded) on D or
that At = 0 and U}_[P;|u| + |u]] is finite (bounded) on D. Then on D, if either
Py|u| or PAJu| is finite (bounded) so is the other and u = Pyu + Uju if and only
if u = P u.

Proof. Since D and 7 are fixed in [5.4] we shall write V4 = U}, Vi = UQ’T, etc.
during the proof for notational simplicity. Because |A|, < oo, an integration by
parts shows that

e +/ e dA; =1 +/ et dAS
0 0
Then since 7 is a terminal time
(5.5) PAlu| + VA Py lu| = B {|u|(XT) {eA* +/ A dAtH
0

= P lu| + ViY Prlul.
Suppose that V|f1|PT|u| is finite (bounded) on D. Then if either PA|u| or P |u| is
finite (bounded) so is the other and
(5.6) PAu = Pou+ Vi Pru.

Now (5.6) in [G99Db| implies that if f is any function with Vl‘rfl‘ |f] < oo, then

(5.7) Vaf +VAVAf = Vi f = Vaf + VaViT.
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This also is easily checked directly using the identities e4t = 1 + fg eds dA, and
et =14 et fg e~4< dAg on [0, 7[. Thus if u = PAu on D we have using (5.6) and
6.1
u= P = Pou+ Vi Pou= P+ Va[Pru+ Vi Pl
= Pru+ VaPu = Pru+ Vyu.
Conversely, the subtraction being justified because V‘Lﬁl lu] < oo,
PAu = Pou+ViPou= P+ Vilu—Vau] = Pru+ Vau = u.

Next suppose AT = 0 and V- (P;|u|+ |u|) is finite (bounded) on D. Then (E.5)
becomes Py |u| = PA|u| 4+ Vi Prlu|. If P;|u| is finite (bounded) then so is P2 |ul
and since Vi1 < V-, if P2ul is finite (bounded) so is Pr|u|. Let B = A~. Then if
f > 0, using the identities 1 = e~ B¢ 4 fot e B:dB, and 1 = e Bt 4 e B fot eBs dB,
one obtains

Vf =V f+ V5 Vef =V5"f +VsV5 " f.

Consequently for a general f if Vg|f| < co on sees that (51 holds. The argument
is now finished as before. O

We come now to the main result of this section.

Theorem 5.8. Let G € O and h : E — R. Suppose either that X has no holding
points or that p*(G) = 0. Then h € H?(G) if and only if there exists a p-integrable
decomposition (G,) of G such that if 7, = 7(G,) and A™ — 1g, u, then h and
PA"|h| are bounded on G, and h = P2"h on G,,.

Proof. Suppose first that h € H?(G). Let (G,,) be a p-integrable decomposition of
G as in[5:3 If X has no holding points, then according to (3.11-iii) there exists
a p-integrable decomposition (F,) of E such that if B™ — 1g_ u and o, = 7(E,),
E exp[|B™|(0y)] is bounded on each FE,. Then by B3, G, 1 := (E, N Gg) is a u-
integrable decomposition of G such that if 7 = 7(G, ) and A < 1g,, , p, then A,
P,|h| and E*(el41(7)) are bounded on G,, .. Consequently the hypotheses of [5.4] are

satisfied because U‘lj‘l’Tl = E'[el(™) — 1] is bounded on G}, .. Combining 5.3,
and 541t follows that h = PAh on Gy, . If 7 (G) = 0, then in the decomposition
(Gn), AZ(JFGH) =0 for each n and so U}, 1 = E*(A” ) = E(|A"|(,)) is bounded
and the result follows as in the previous case. Conversely under the hypotheses of
b.8 one may assume as above that the decomposition in satisfies the conditions

in[.4 Then 3] B4 and 6.3 combine to yield h € HY (G). O

Corollary 5.9. Let G € O, 7 = 7(G) and lgp € S(G) with A — 1gu. Suppose
that either X has no holding points or u™(G) = 0. If h : E — R and on G,
PA|h| < 0o and h = PAh, then h € HE(G). Let g : G° — R satisfy PA|g| < 00 on
G. Define h:= Pitg on G and h =g on G°. Then h € H'(G).

Proof. Tt follows from[5.2] that h and PA|h| are finely continuous on G. Since 1gu €
S(G) there exists a p-integrable decomposition (G,,) of G and we may suppose that
h and P|h| are bounded on each G,, because they are finely continuous on G. Let
Tn = 7(Gr). ThenERimplies that P;} |h| is bounded on each G, and that h = P2 h
on Gy,. Therefore (G,) satisfies the hypotheses of 5.8 and hence h € H/(G). The

second assertion now follows because h = P2g = PAh on G since g = hon G¢. O
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Remarks. The representation in[5:8is the appropriate (local) analog of the classical
Poisson representation. However the representation in is often easier to work
with and is valid without the additional hypotheses in 6.8 It expresses an h €
'H}‘(G) as locally the sum of an element in H(G), P-n)h plus a “potential” U:‘Efb)h.
Of course when p = 0 the two representations coincide. If h € H*(G), then h is
continuous on G and hence on each G,, in (.3l and B.8. However the G,, cannot be
assumed to be open without additional hypotheses. For example if u = 0, 7 = 7¢
and (X, 7) excessive functions are Isc (lower semi-continuous), then the G, may be
chosen open, since ¢ in the proof of B.@lis Isc. If ¢ =0, G = F and b in 2l may be
chosen so that Ub is lsc, then the G,, may be chosen open in characterizing H(E).

There is an important regularity property that elements of Hﬁﬁ (G) may enjoy.

The next proposition will motivate the definition. Recall that the underlying Borel
right process X is special provided the filtration (F;) has no times of discontinuity;
that is if (7},) is an increasing sequence of stopping times with 7' = lim T,, then
Fr =VFr, :=0c(UFr,). In particular a Hunt process is special.
Proposition 5.10. Suppose u is finite, D € O, 1lpu € S(D), A € A(D) with
A« 1pp. Let 7 = 1p. Assume that P |u| < co and u = PAu on D. Then u is
finely continuous on D and if T is a stopping time with T < 7, P#|u| < PA|u| < oo
on D. If, in addition, X is special then whenever (Ty,) is an increasing sequence of
stopping times with T, T T < 7 one has Pﬁ/u — Pj‘i‘u on D.

Proof. The fine continuity of u on D is an immediate consequence of [5.2] Let Y, =
e7u(X,). Note that Y, = 0 on {7 = oo} because of our convention that u(A) = 0.
Fix # € D. Then E*|Y;| = P2|u|(z) < co. Let T be a stopping time. Then
E°)Y, | Fr] = et u(X,) 1<y + E7 e u(X,); T < 7 | Frl.
Since 7 is a terminal time, this last conditional expectation equals
1{T<T}€ATEX(T) [GAT’U,(XT)] = 1{T<T)€AT’U,(XT)
because Xy € Don{T < 7} and u = PTAu on D. Defining V; = exp(Ainr )u(Xiar),
t > 0, it follows that (Y;) is a P* uniformly integrable (strong) martingale for € D.
If T is a stopping time with T" < 7, then on D
Prlu| = E(|Yr|) < E'(|Y:]) = P |ul < cc.
If (T,,) is an increasing sequence of stopping times with T;, T T < 7, then on D

Yr, = E(Y; | Fr,) = E(Y; | VFr,) = E(Y; | Fr)=Yr

provided X is special. But (Y7,) is P” uniformly integrable and so P u(z) —
Pfu(z) for x € D. O

It will be convenient to introduce the following definition.

Definition 5.11. Let f: F - Rand D € O. Let 7 = 7p, 1ppu € S(D) and A <
1pp. Then f is p-regular on D provided it is finely continuous on D, P#|f| < oo if
T is a stopping time with T' < 7, and if (T},) is a sequence of stopping times with
limit 7" < 7 one has Pj’?nf — Pff on D.

If 4 = 0 we drop it from our notation and just say that f is regular on D. Thus
B.T0 gives a sufficient condition for f to be u-regular on D. Here is another. For
its statement recall that X is quasi-left-continuous (qlc) provided X7, — Xr a.s.
on {T < ¢} whenever (T},) is an increasing sequence of stopping times with T;, T T
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Proposition 5.12. Let f : E — R. Let D € O, 7 = 7p, lpu € S(D) and
A — 1pu. Let Ar = sup{As;;t < 7}. Note that Ar < Af. Suppose that f is
bounded and continuous on D and that on D, E'[e?7] < co and PA|f| < co. If X
is qlc and T <  a.s., then f is p-regular on D.

Proof. If T is a stopping time with 7' < 7, then
PR|fl(@) = B[ |f|(Xr); T < 7]+ E [ f|(X7); T = 7]
<ME e ™ 4 PAIf| < o0
where M is a bound for f on D. Now suppose T;, T T < 7 < ( with the
T, being stopping times. Then X(T,,) — X(T) as. since X is qgle. Let I' =
{T, < T for all n}. Then a.s. on I', Xp € D and f(X(T,)) — f(Xr) boundedly.

But eA7n < eAr which is P?-integrable for x € D and so E'[eA(T") f(Xp, );T] —
E'[eA? f(X7);T] on D. If M is a bound for f on D,

E ™) f(X7,); T < T;T] < ME [T, < T,T¢] — 0,
since {T,, < T} NT° | ¢ a.s. On the other hand {T,, = T} NI ] I'°. Therefore
E [T (X1, ); Ty = T5T) — E[e*) f(X1); T°]

by splitting the integral into an integral over {T' < 7} where |f(X7, )| < M and an
integral over {T = 7} where E'[eA(7)|f(X,)|] < co. Combining these calculations
we obtain ijtf — PAfonD. O

Remarks 5.13. (i) It is easy to see that[5.12is false even when p = 0 if the condition
7 < ¢ a.s. is omitted. However if X is glc on [0, 0o, then 7 < oo a.s. suffices. This
is the case if X is a Hunt process on a locally compact Hausdorff space with a
countable base and A is the point at co.

(ii) The condition P#|f| < co on D for stopping times 7' < 7 in E.I1lis annoying.
The proof of shows that a sufficient condition for it is that f be bounded on
D and that on D, E"(e47) < 0o and PA|f| < oo.

6. REPRESENTABILITY AND HARMONIC FUNCTIONS

Throughout this section as in Section 5, y € Sjo. is fixed.

Definition 6.1. Let G € O and 7 = 7¢. Suppose lgu € S(G) and let A < 1gpu.
Let h : E — R. Then h is representable on G provided PA|h| < oo and h = P2h
on G.

Notation. Let R(G) denote the collection of all A which are representable on G.

Remarks. Tt follows from .10 and B.IT that if h € R(G), then h is p-regular on
G provided X is special. If h € R(G) and either X has no holding points or
pF(G) =0, then h € H}(G). Also[d3 implies that if 2 € R(G) and G1 C G with
G1 € O, then h € R(Gy).

There are two basic results in this section giving sufficient conditions for represent-
ability—Theorems 6.3 and 6.5. The next proposition is the key step in their proof
and is of interest in its own right.

Proposition 6.2. Let G € O, 7 = 17¢, lgp € S(G) and A — lgu. Suppose
h: E — R is p-regular on G, in particular PA|h| < co on G. Assume that there
exists a stopping time T such that T < 7, T =0 on {Xo ¢ G} and for each x in
G, h(z) = P#h(x) and P*(T > 0) = 1. Then h € R(G), that is, h = P2h on G.



916 R. K. GETOOR

Proof. For notational simplicity we shall abbreviate the exponential function by
e(+) in this proof. For example e(A;) = exp(A;). Since h is p-regular, PZ|h| < co
whenever S is a stopping time with S < 7. We are going to argue by transfinite
induction. For each countable ordinal 5 we shall construct a stopping T3 = T(0)
such that:

(a) o< B, then T, <Tg <7 and T, < Tp as. on {T, < 7}.

(b) h= Pj‘f‘(ﬁ)h on G.

If 8 =1, Ty = T satisfies (a) vacuously and (b). Suppose that 3 is a countable
ordinal such that for each v < § we have constructed T, satisfying (a) and (b). If
[ has an immediate predecessor § — 1, let R =T3_; and set Tg = R+ T o 0. If
R<7,XpeGandsoTobr >0. Hence R<Tg < 7. f R=7. Xp ¢ G so
Tofr = 0. Therefore Tg = R < 7. Here and in what follows we omit the qualifying
phrase “a.s.” where it is clearly required. Thus (a) holds for Tj. For (b), h = P4h
on G and so on G

E [e(AT(g))h(XT(g))] = E'[G(AR)(E(AT o GR)h(XT) o 93]
= E'[e(AR) P h(XR); R < 7] + E'[e(Ar+100,)W(X1) 0 O3 R = 7]
= E[G(AR)h(XR), R < T] + E[G(AR)h(XR), R= T]
=Pih="h
where the third equality follows because Xr € G on {R < 7} and Xr ¢ G on
{R = 7}. Hence T} satisfies (a) and (b).

Next suppose that § is a limit ordinal. Let v, T 8. In view of (a), (T,) is
increasing and T := lim T’,, satisfies (a). It remains to check that (b) holds for
Ts. But it is evident that h = ij: h — Pjﬁ;h on G because h is p-regular on G
and T3 < 7. Consequently by transfinite induction there exists a stopping time Ts
with properties (a) and (b) for each countable ordinal f3.

Fix € G and let p(8) = E*[T5(1 + T)~!] for B a countable ordinal. Then
v < B implies p(7) < ¢(B) < 1 and ¢(v) < ¢(B) if P*(Ty < 7) > 0. Hence there

exists a countable ordinal @ depending on x such that P*(T3 = 7) = 1. Now from
(b), h(z) = PAh(x) and since = € G is arbitrary, h € R(G). O

Here is the first application of B2 It extends Proposition 4.14 in [CZ95].

Theorem 6.3. Let G, 7,u,h and A be as in the first two sentences of Proposi-
tion 62 Let G be a countable union of sets G; € O with h € R(G;) for j > 1.
Then h € R(G).

Proof. Let D, = G, ~ Uj<n Gj. Then |UD,, =G. Let T = 7(G,,) if Xy € D,, and
T=0if Xy ¢ G. Since h € R(G,,) for n > 1 and A™ < 1, p agrees with A on
[0,7(Gy)], it follows that T has the properties in[6.2l Consequently h € R(G). O

Corollary 6.4. Let G € O, 7 = 7¢, lgpu € S(G) and A < lgu. Let h € H}(G)
and suppose that h is p-reqular on G. Assume that either X has no holding points
or that u*(G) = 0. Then h = P2h q.e. on G.

Proof. By B8l and the fact that p is smooth on G, there exists a p-integrable
decomposition (Gy,) of G with h = PT“%G”)h on Gp,. If D =JG,, then 63 implies
that h = PTA(D)h on D. But G ~\ D is m-polar so P*(Tg.p < o0) = 0 for q.e.
z € G. Therefore PTA(D)h = P;%G)h qg.e.on G,s0 h = PTA(G)h q.e. on G. O
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Remark. Corollary [64] is close to optimal since one could not expect to have h =
PTA(G)h g.e. on G unless t — A, is well-defined and finite on [0, 7¢[, P* a.s. for q.e.

x € G which is equivalent to 1lgu € S(G).

The next result is a version of the mean value property approach to harmonic
functions in the present context. It should be compared with Theorem 4.15 in
[CZ95] and Theorem 2.2 in [CS98|. See also [H96] for a discussion of the restricted
mean value property in classical potential theory.

Theorem 6.5. Let G € O, 7 = 1¢, lgu € S(G) and A — lgu. Suppose h: E —
R is p-reqular on G, in particular PA|h| < oo on G. Let a : G —]0,00][ be nearly
Borel and define

(6.6) 7o = inf{t > 0: d(Xo, X;) > a(x)} AT

where d is a metric on E compatible with the topology of E. If h(x) = Péh(m)
for each x € G, then h = PAh on G. If, in addition, X has no holding points or
pt(G) =0, then h € H}(G).

For the proof we begin with the following lemma.

Lemma 6.7. Let G,u,h and A be as in the first two sentences of Theorem [G3.
Suppose that for each x € G there exists a stopping time T, such that, T, < T,
P*(T, > 0) = 1 and h(z) = P h(z). If for each t > 0, {(z,w) : Tu(w) < t} €
E™ x Fy, then the conclusions of Theorem [6.3 hold.

Proof. Define T'(w) = Tx, () (w) if Xo(w) € G and T'(w) = 0 if Xo(w) ¢ G. It is
immediate that the assumptions on the family {T,,z € G} imply that T satisfies
the hypotheses of Proposition B.2recall the filtration (F;) is right continuous. O

Therefore in order to establish Theorem[6.51it suffices to show that the 7, defined
in (60) satisfy the hypotheses of Clearly the only thing that needs to be
checked is the joint measurability of {(z,w) : 7, (w) < ¢}. If a € R, let T, =
inf{t : d(Xo, X¢) > a}. Fix t > 0. Then {7, < t} = U, {d(Xo, X;) > a} where
the union is over all rationals r € ]0,¢[. Let A(a,r) = {d(Xo, X;) > a}. For each a,
A(a,r) € F, C Fy while for each fixed w, a — 19, 4(x,,x,)[(a) is right continuous in
a. Consequently

{(a,w) 1w e Ala,r)} e BXx F, C Bx F,

where B denotes the Borel o-algebra of [0,00[. Hence {(a,w) : To(w) < t} =
U,<i{(a,w) : w € A(a,r)} is in B x Fy. Since 2 — a(z) is nearly Borel it follows
that {(z,w) : Ty (w) <t} € E" x Fy. It is now clear that 7, = T,y A 7 satisfies
the hypothesis of [6.7] completing the proof of Theorem O

Remark. The fact that d is a metric played a very minor role in the proof of (6.5).
In fact if p: E x E — RT is £” x €™ measurable, y — p(z,y) is finely continuous
for each z € E and p(z,z) = 0, then (6.5) holds with

T = inf{t > 0: p(Xo, Xt) > a(x)} AT
For example if f > 01is a finite finely continuous function and p(x, y) = | f(z)—f(y)|.

We can now state and solve a “Dirichlet problem” for H/(G).
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Theorem 6.8. Let G € O, 7 = 7(G) and lgu € S(G) with A — lgu. Suppose
that either X has no holding points or u*(G) = 0. Let g : G¢ — R with PA|g| < oo
on G. Define h=P%g on G and h = g on G°. Then h € 'H}i(G). If, in addition,
h is p-reqular on G, then h is the quasi-unique element of Hﬁﬁ (G) that is p-regular

on G and equals g g.e. on G°. Here quasi-unique means any other such h equals h
g.e. on G.

Proof. Tt follows from 5.8 that h € H/;(G) and then from G4l that h = PAh q.e. on
G. Ifhe H';(G) is p-regular on G, then h = PAh q.e. on G by6.4 But h = g q.e.

on G¢ and so P7_A}~L = PAg q.e. on G. Combining these statements gives h = h q.e.
on G. |

Remark. Tt follows from[5.10] that if X is special, then h as defined in the statement
of [6.8]is automatically p-regular on G.

The next corollaries contain special cases of particular importance.

Corollary 6.9. Let X be a Hunt process on a locally compact Hausdorff space E
with a countable base. Let d be a metric on E compatible with the topology of E.
Let G C E be open, 7 = 17 and h : E — R be bounded and continuous on G. Let
lop € S(G) and A « lgu. Assume that on G, E (e?7) < oo and PA|h| < oo
where A% is defined in[AI2 Let a : G —]0,00[ be nearly Borel and such that
a(x) < d(z,G). Suppose T < 0 a.s. Define

T, = inf{t > 0: d(Xo, X¢) > a(x)}.
Then h is p-regular on G. If h(z) = P2 h(z) for each x € G, then h = P2h on G.

Proof. The p-regularity follows from 5.13. The conclusion is then an immediate
consequence of BA. Note that P*(7, < 7) = 1 for » € G and that it is not assumed
that G is compact. O

Corollary 6.10. Let X, E and d be as in[6.9 Let G C E be open and h : E — R
be continuous on G. Let pu be Radon on G; i.e. |p|(K) < oo for compact K C G.
Assume either that X has no holding points or that u*t(G) = 0. Suppose that
if D is open with compact closure D C G, then Tp < 00 a.s., PTA(D)|h| < o0

and E'[eA"T(P)] < oo, Let (r,) be a sequence of strictly positive numbers with
rn, — 0 having the property that for each x € G there exists a subsequence (ry(x))

of (rn) such that if rn(x) < d(z,G°), then h(z) = Pﬁrn(x))h(:c) where o(r) =

inf{t : d(Xo, Xt) > r}. Under these hypotheses h € H*(G).
Proof. Let D be open with D compact and D C D C G. Since |u|(D) < oo,
1pp € S(D). Let

D, :={zxe€D:r, <d(x,D° and h(z) = PA(rn)h(m)}.

Since r, — 0 the hypotheses imply that D = JD,,. If x € D,, Uk<n D, define
a(x) = ry,. Then the hypotheses of 6.9 are satisfied relative to D and so h = PTA(D)h

on D. Then BF implies that h € H*(D). But G is a countable (increasing) union
of such sets D and h € H*(G). O

These corollaries say something non-trivial even in the most classical situation
of Brownian motion on R?. Of course, there are much more refined statements in
that case. See, for example, [H96] and the references therein.
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There are analogous results for the representation h = P.h + U}h which we
briefly sketch. The following companion to B0 justifies the hypotheses of [6.12]

Proposition 6.11. Let D € O, 1pu € S(D) and A < 1pu. Let 7 = 7p. Let
u: E — R and suppose that on D, Prlu| < oo, Uy |u| < oo and u = Pru+ Uju.
Then w is regular on D.

Proof. Since Uju is finely continuous of D, implies that u is finely continuous
on D. Let Y; = u(X:)lirco0) + fOT u(X¢)dA;. Then it follows from [3:6] in [GI9D]
that if T is a stopping time with 7' < 7, then E*(Y; | Fr) = Yr for 2 € D. Hence
E (|Yr|) < E(|Y+]) < oo on D and so Pr|u] < co and U|7A||u| < ooon D. If

T, 1T <, UZ;"’LL — UXw and it follows as in the proof of E.I0] that Pr,u — Pru
onD . O

The following result is proved similarly to the proof of using transfinite in-
duction. The argument when ( has an immediate predecessor is somewhat more
complicated, but presents no essential difficulty. Note that h is only required to be
regular and not p-regular. Once it is established results analogous to and
are easily proved. We leave their formulation to the interested reader.

Theorem 6.12. Let G € O, 7 = 7¢, lgp € S(G) and A — 1gu. Let h: E — R
be reqular on G. Suppose U‘TA‘|h| < oo on G. If there exists a stopping time T such
that T <7, T=0o0n{Xo ¢ G} and on G, P(T >0) =1 and h = Prh+ UZh,
then h = P;h+UjLh on G. In particular h € Hi (G).

7. CONCLUDING REMARKS

There is an annoying exceptional set in our definition of finely u-harmonic func-
tions. This is necessary because of the exceptional set in the definition (3.9-iii)
of a p-integrable decomposition which in turn comes from the exceptional set in
Proposition So finally it is due to the exceptional set in the definition of a
CAF of (X, 7). It is of interest and importance to know conditions that guarantee
that these exceptional sets are empty. This is certainly the case if g = 0. On
the other hand if m is a reference measure, then assuming a somewhat stronger
condition on p will ensure that all of the exceptional sets are empty. Recall that
m is a reference measure provided the resolvent U?(z,-) << m for all z for one,
and hence all, ¢ > 0. Under this assumption m-polar and m-semipolar reduce to
polar and semipolar. Also g-excessive functions are Borel measurable for ¢ > 0 and
if two g-excessive functions agree a.e., they are identical.

In order to describe our result we need the resolvent (U%),s¢ of the moderate
Markov dual process X of X relative to m. See, for example, [F87] or [G99a]. It
follows that if p is a positive measure not charging polar sets, then ,uf] 9 << m and
if MU 7 is o-finite, then it has a unique g-excessive density v? relative to m. Since
v! < o0 a.e., {v9 = oo} is polar. If X and X are in strong duality relative to m
with resolvent density u?(z,y) as in [BGE8] for example, then

V() = / u (2, y)u(dy) = Utp(a).

Under strong duality this makes sense for any positive measure . We are now able
to introduce the relevant definitions. These are patterned after those in [FOT94].
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Definitions 7.1. (i) A strict PCAF or CAF of X is one with empty exceptional
set.

(ii) If G is a finely open Borel set a strict nest (G,,) for G is an increasing sequence
of finely open Borel subsets of G with 7(G,) 1 7:=7(G) a.s. PP forallz. If G = FE
we just say a strict nest (7(E) = ().

(iii) p € S is strictly smooth on a finely open Borel set G provided there exists
a strict nest (Gy,) for G with pu(G,) < oo for each n and a ¢ > 0 such that if
tn = ptla, then p,U9 is o-finite and the g-excessive version of d(u,U?)/dm is
everywhere finite for each n.

(iv) u € 8y is strictly smooth provided |u| is strictly smooth or equivalently p™
and p~ are strictly smooth.

Remarks. Since p, in (7.1-ii) is finite, unU 7 is automatically o-finite when ¢ > 0.
In (7.1-iii) the g-excessive version ud of d(u,U9)/dm is always finite off a polar
set. Thus the crucial condition is that it be finite everywhere. In particular if
unf]q < ¢, m where ¢, < 00, then u is bounded by c,,.

The key result is contained in the next theorem. It is proved by arguments
similar to those used on pages 194-196 of [FOT94|. Under strong duality it goes
back in essence to Revuz’ original paper |[Re70]. For the convenience of the reader
we shall give a proof in the appendix.

Theorem 7.2. Assume that m is a reference measure and let p € Si. Then p
is the Revuz measure of a (unique) strict PCAF, A, provided u is strictly smooth.
Conwversely if A is a strict PCAF then the Revuz measure va of A is strictly smooth
and if ¢ > 0 (¢ = 0 if X is transient) the strict nest may be chosen so that E = |J Gy,
and uan < c¢,m for each n where p, = pla, and ¢, < co.

Suppose in this paragraph that m is an excessive reference measure. If G € ONE
then G, = {z : E®(e"7(%)) > 0} is a finely open Borel set and hence (X,7¢)
is a Borel right process with m|g = m|g, being an excessive reference measure.
Therefore[7.2 maybe be applied directly to (X, 7). Thus we shall say that G € ONE
has a strict p-integrable decomposition provided we modify (3.9-ii) by requiring
Grn € ONE for each n and G = |JGy,. Define A}, by replacing p-integrable by strict
p-integrable in Definition 4l Finally put p € S} provided E = |J G, where each
G, € ONE and u, = ulg, is strictly smooth on G,, for each n. If in Sections 5 and
6 we fix u € S;, and replace O by ONE, Ag by AL and p-integrable by strictly
p-integrable, then all of the results are valid without exceptional sets.

In R? or more generally on a Riemannian manifold the equation Au + up = 0
is usually interpreted in the sense of distributions. It is of interest to note the
connection with the definition in Section 5. For simplicity let X be Brownian
motion on R?. Then A := —%A is the “formal” generator of X. Let G C R? be
open and greenian; i.e. G arbitrary if d > 3 and G° non-polar if d = 1 or 2. Let
g(x,y) be the Green function of G. Suppose that p € Sp, |p| is Radon on G and
if H is open with compact closure in G, then ng(x,y)|u|(dy) is bounded. This
implies that p is strictly smooth on G since there is a strict nest for G consisting
of sets H as in the preceding sentence. Let A < 1gu. Suppose that H ¢ H C G
with H open and H compact and let 7 = 7(H). Assume that v : G — R and that
Au+up = 0 on G in the sense of distributions. In order that uu define a distribution
onG, [  udp must be well-defined for all such H. To ensure this we shall suppose
that u is finely continuous and locally bounded on G. If ¢ € C®°(H)—the C*
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functions with compact support in H—then writing (f,g) = [ fgdm where m is
Lebesgue measure on R? we have (Ap,u) + [ pudu = 0. But C°(H) is contained
in the domain of the generator of (X,7) which coincides there with A = —1A.
Therefore ¢ = —UTAp. In the present situation U} f = [, g (-, y)pu(dy) where gg
is the Green function for (X, 7). Hence

0= (g~ [ UT(Apudy
H
= (A(p, u) - (A(p, UZU) = (A% u— U;u),

where the second equality follows from the symmetry of gg. It follows that there
is an harmonic function h on H with u — Uju = h a.e. and hence everywhere on
H because u and Uju are finely continuous. Of course

t@mzéwmmwmmm<w

Let J be open with compact closure J C H and let ¢ = 7(.J). Then by the usual
Poisson representation h = P,h = P,u — P,Uju on J. Therefore u = P,u+ Uqu
and since H, and hence G, is a countable union of such sets J, u € H’;(G) and if u
is continuous, u € H*(QG).

Finally the definitions of Ag and the elements of H%(G) may be cast in terms
of martingales. This is hinted at in the proofs of[5.2], m and [6.6] It is spelled out
in more detail in [G99b]. In particular Theorem 3.9 in [G99D] gives the equivalence
of the current definition and one in terms of martingales. The interested reader is
referred to the discussion there.

APPENDIX

The basic step in proving Theorem is the next result which should be com-
pared with Theorem 5.1.6 in [FOT94]. The notation is that of Section 7.

Theorem A.1. Suppose that m is an excessive reference measure. Let i € Sgr
with p(E) < co. Suppose that for some ¢ > 0, MU‘I is o-finite. Then ,uf]q << m.
Let u? be the unique q-excessive version of d(,uf]q)/dm. If u? < oo everywhere,
then there exists a unique strict PCAF, A, such that u? = u% everywhere and
1 is the Revuz measure of A. Here u%y := E [ e 9" dA, and more generally
USSf = E [ e T f(X,)dA; whenever the integrals exist.

Proof. For simplicity we shall write theA proof when ¢ = 0. To show MU << m, let
A € & with m(A) = 0. Let B = {z : U(z, A) > 0}. Since m is excessive relative
to (U7), gmU9(A) < m(A) = 0. Therefore 0 = mU(A) | mU(A) as q | 0; that

is U(-, A) = 0 a.e. and hence by (2.10) of [G99a], U(-, A) = 0 q.e. But u doesn’t
charge m-polar sets and so pl/(A) = 0. Thus pU << m. If uU is o-finite, then
it is a coexcessive measure and hence has an excessive density u which is uniquely
determined since m is a reference measure.

We now suppose that u < oo everywhere. Since p is finite and, hence smooth
there exists a PCAF, B, with Revuz measure p. By (3.7) of [G99al, if up := E'(Bs)
one has upm = MU and so up = u a.e. Let N be the polar exceptional set for
B. Then up is excessive for X restricted to £ ~ N and it follows that ug =
on E < N. Let A be the defining set for B. Then P*(A) = 1 for x ¢ N. Let
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en =¢€(n) |} 0 and put Ay = ﬂ@e_(il)A. But A Cc Aforallt > 0. Thusif¢ >0
n
and e, < t, 0;Ag C 0,0- A C 0., A C A. Also w € Ay if and only if 0., w € A for

n

all n. Let w € Ap. Then 0., 0w = 0,0, w e A for each n. Thus ;A9 C Ag; hence
0: Ao C AN Ay. For each x € E, P’”(@;}A) = E”[PX(E")(A)] =1 since ¢, > 0 and
N is polar. Thus P*(Ag) =1 for all . Define for ¢t > ¢, and w € Q

Btn((U) = Bt—en (ngw).
If we Ag, n >m and t > g, then
Bi'(w) = Bi—eptem—en (0c,w)
=By, (0, w)+ Be, —c, (0:,w).
Hence B}'(w) > Bj"(w) on t > &,,. Define
Ai(w) = lim B (w), t>0,w € Ap.

If t > ¢, and B{*(w) < o0, Bf(w) — B{*(w) = Be,, e, (0¢,,w). Thus if for some
t >0, A(w) < oo, then B. ¢, (0, w) — 0asn,m — oo and so B (w) — A,(w)

uniformly on |0, ¢]. In particular A is continuous on |0,¢]. If x € EN N, E*(By) =
up(zr) = u(x) < oo, hence for t > 0

E*(B;) = E*(Bso) — E*(Boo — By) = u(z) — Pou(x).
Thus for all x and t > &,
E*(B") = E*[EXE)(B,_., )] = P., u(z) — Pu(x).

Let n — oo, so that B' T A; on Ag and hence a.s., to obtain E%(A4;) = u(x) —
Piu(z) < co. Therefore E*(As) < u(z) < oo for all z. Define A;(w) = 0 for all ¢ if
w ¢ Ag. It follows that ¢ — A, is finite and continuous on ]0, oo] a.s.—i.e. a.s. P*
for all z. Also letting ¢t | 0, E*(Apy+) = 0 for all z.

If s,t > 0 and w € Ag, then for s > ¢,

At_;,_s((U) = hm Bt_l’_s_gn (HEHW)
=lim[B;_¢, (0, w) + Bs(0:w)]
= At(W) + Bsf‘gk (ggkgtW) + ng (915(4])

Now O:w € Ag N A and so Bs_, (0, 0:w) — As(biw) and B, (6iw) — 0 since
Bo+ =0 on A. Consequently

(A.2) Apys(w) = Ay(w) + As(Grw); t,s>0,w € Ag.
Define
Ay = {w € Ap;t — A¢(w) is finite and continuous on ]0, co] and Ay (w) = 0}.

Then 6;A7 C A7 and P¥(A;) =1 for all . Define Ag = 0. Then Ay = Ao+ on Aq
and (A2]) holds for s,t > 0 and w € Ay. Therefore A is a PCAF with defining set
A1 and empty exceptional set.

Finally if x € EN N

Pu(z) = Prug(z) = E*(Bo — Bt) — 0
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as t — oo since E¥(By) < 00. But E*(A;) = u(z) — Pu(x) and so uy = u = up
on E~ N. Therefore A= B a.s. P* forz € E~N. But m(N) =0andsoif f >0

t—0 t

va(f)=1lim - Em/ f(x dAs—hm Em/ f(Xs)dBs =v(f) = u(f).

Therefore v4 = O

We now turn to the proof of ([.2). Suppose u is strictly smooth with strict nest
(Gpn). Let pn, = plg, . Then there exists ¢ > 0 such that ,unf]q = u,m where u,
is the unique g-excessive version of d(u,U?)/dm and u, < co everywhere. By A.1
there exists a strict PCAF, A", with Revuz measure p,, and such that

(o)
9 _ - —qt n o __
uy =FE / e T dAY = uy,.

If f > 0is bounded then (f* A™); := fo s) dA? is a PCAF with Revuz measure
fitn. Since p,(GS) = 0 it follows that 1Gn * A" = A" For f >0 and k < n using
(3.7) of [G994] for the first and third equalities one has

(f’ A”]‘Gk) - /G Uqfdﬂn :/G Uqfd,u'k = (fa ng]'Gk) = (fa uik)

Therefore uik = U4.1¢, a.e. and hence everywhere because m is a reference mea-
sure. Consequently A* = 1, * A" for k < n; in particular A¥ = A? on [0, 76, [ and
AF < A7 on [0,00]. But 7¢, T ¢ a.s. and so A; := lim A? exists and is finite and

continuous on [0, ([ a.s. Therefore A is a PCAF with defining set {lim7¢, = (}
and empty exceptional set. Let v4 be the Revuz measure of A. Since A" and A
agree on [0, 7¢, ] it follows from (2.22) of [FGS8S], that 1¢,va = 1g, Varn = pn, and
letting n T oo we obtain v4 = p.

Conversely because excessive functions are Borel measurable the argument in B0l
of the present paper or (3.11a) of [EGI6] shows that if A is a strict PCAF, then v
is strictly smooth and the nest (G,,) may be chosen so that E = |J G, and Uflg,
is bounded for ¢ > 0 or, when X is transient, for ¢ > 0. But then

(lg,va)U? =U%lg, -m<c,-m

where ¢, is a bound for U4, 1¢, . This completes the proof of [[.2] O
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